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E N E R G Y - D E P E N D E N T TRANSPORT THEORY 
WITH A S E P A R A B L E K E R N E L 

by 

H. A. L a r s o n 

A B S T R A C T 

The e n e r g y - and a n g l e - d e p e n d e n t r e f l ec t i on and 
t r a n s m i s s i o n d i s t r i b u t i o n s for the s l a b - a l b e d o p r o b l e m 
a r e ob ta ined for s c a t t e r i n g d e s c r i b e d by a s e p a r a b l e k e r 
n e l . T h e s e so lu t ions follow by r e l a t i n g the so lu t ion of the 
n o n l i n e a r , i n v a r i a n t - i m b e d d i n g i n t e g r a l equa t ions to the 
end poin t v a l u e s of an i n h o m o g e n e o u s , l i n e a r F r e d h o l m 
i n t e g r a l equa t ion . Use of a s t o c h a s t i c d e s c r i p t i o n a l s o 
p e r m i t s d e t e r m i n a t i o n of the m e a n n u m b e r of c o l l i s i o n s 
su f fe red by a p a r t i c l e be fo re it e m e r g e s f r o m a face of 
the s l a b . N u m e r i c a l r e s u l t s a r e ob ta ined for n e u t r o n s 
i nc iden t upon a f ree g a s . 

I, INTRODUCTION 

T e c h n i q u e s s u c h as the d i s c r e t e - o r d i n a t e s , ' M o n t e - C a r l o , ^ and 
s p h e r i c a l - h a r m o n i c s m e t h o d s can be u s e d to d e t e r m i n e the e n e r g y -
dependen t r e f l e c t i o n and t r a n s m i s s i o n d i s t r i b u t i o n of p a r t i c l e s in the 
i n f i n i t e - s l a b p r o b l e m . E a c h of t h e s e m e t h o d s , h o w e v e r , h a s l i m i t a t i o n s 
for the so lu t ion of t h i n - s l a b p r o b l e m s . F u r t h e r m o r e , the n e u t r o n d i s t r i 
but ion (or photon in t ens i ty ) m u s t be d e t e r m i n e d t h r o u g h o u t the s l ab with 
c o n s t r a i n t s p r o v i d e d at the r e g i o n b o u n d a r i e s ; if only the e m e r g i n g d i s t r i 
bu t ions a r e r e q u i r e d , the so lu t ion in the i n t e r i o r need not be ob ta ined if the 
i n v a r i a n t - i m b e d d i n g m e t h o d is u s e d . I n v a r i a n t i m b e d d i n g d i f f e r s f r o m the 
o t h e r m e t h o d s in tha t it c o n c e n t r a t e s on the p a r t i c l e f luxes c r o s s i n g the 
s l a b b o u n d a r i e s a s a funct ion of the changing t h i c k n e s s of the s l a b ; n u m e r 
i c a l l y , t h i s m e t h o d is b e s t su i ted for t h i n n e r s l a b s . To f o r m u l a t e the non 
l i n e a r , i n t e g r o d i f f e r e n t i a l equa t i ons c h a r a c t e r i s t i c of the m e t h o d , e i t h e r 
the a p p r o a c h of Wing^ o r tha t of C h a n d r a s e k h a r ^ m a y be u s e d . 

C l a s s i c a l n u m e r i c a l a p p r o a c h e s for so lu t ion of a s y s t e m of i n i t i a l -
va lue d i f f e r e n t i a l equa t i ons f r o m i n v a r i a n t - i m b e d d i n g t h e o r y have b e e n 
e m p l o y e d by M a t h e w s e^ al. and Mockel^ to ob ta in the r e f l e c t e d and t r a n s 
m i t t e d d i s t r i b u t i o n s for e n e r g y - d e p e n d e n t p r o b l e m s . A second n u m e r i c a l 
a p p r o a c h , t he t r a n s m i s s i o n - m a t r i x me thod ,^ can a l s o be u s e d to so lve e q u a 
t i ons of t he i n v a r i a n t - i m b e d d i n g t y p e . Th i s m e t h o d r e q u i r e s the d i a g o n a l -
i z a t i o n and i n v e r s i o n of the m a t r i x con ta in ing the m a t e r i a l p r o p e r t i e s of the 



s lab and the subsequent combina t ion of th is i n f o r m a t i o n into an ove r 
t r a n s f e r m a t r i x that con ta ins the r e f l ec t ion and t r a n s m i s s i o n m a t r i c e s . ^ 
A th i rd a p p r o a c h was deve loped by B u s b r i d g e , ' who r e l a t e d the °^^'^^^^^^ 
coupled i n t e g r a l equa t ions of i n v a r i a n t imbedd ing to the end point va 
a l i nea r i n t e g r a l equat ion . 

This r e p o r t ex tends the work of B u s b r i d g e ' for the t r a n s m i s s i o n 
and re f l ec t ion d i s t r i b u t i o n s of a s l ab in o r d e r to do c a l c u l a t i o n s w h e r e 
s c a t t e r i n g is d e s c r i b e d by a s e p a r a b l e ' " ' " k e r n e l . It wi l l be shown tha t 
the d i s t r i b u t i o n s m a y be obta ined f r o m the so lu t i ons of two n o n l i n e a r , 
coupled i n t e g r a l equa t i ons , which a r e s i m i l a r to the X- and Y - e q u a t i o n s 
of C h a n d r a s e k h a r , 

In e n e r g y - d e p e n d e n t t h e o r y , the X- and Y- type e q u a t i o n s a r e o b 
ta ined only if the s c a t t e r i n g k e r n e l is a s s u m e d s e p a r a b l e , a s d e m o n s t r a t e d 
by Sobouti , ' ' ' Solut ions of the coupled i n t e g r a l e q u a t i o n s c a n be r e l a t e d to 
the end point va lues of a s ing le , i n h o m o g e n e o u s F r e d h o l m i n t e g r a l equa t ion . 
F o r c o m p u t a t i o n s , it i s a d v a n t a g e o u s to k e e p the s l a b t h i c k n e s s s m a l l in 
o r d e r that the N e u m a n n s e r i e s for the F r e d h o l m i n t e g r a l e q u a t i o n c o n v e r g e 
wi th a r e a s o n a b l e n u m b e r of t e r m s . Hence the t e c h n i q u e is b e s t su i t ed to 
thin s l a b s 

The c a l c u l a t e d r e f l ec t i on and t r a n s m i s s i o n funct ions can a l s o be 
u s e d to yie ld i n f o r m a t i o n about the m e a n n u m b e r of s c a t t e r i n g s e x p e r i e n c e d 
by a n e u t r o n e m e r g i n g f r o m the s l a b . The w o r k of Sobo lev " e x p l o r e d t h i s 
quant i ty in r a d i a t i v e t r a n s f e r , inc lud ing the p o s s i b i l i t y of a f r e q u e n c y change 
in the photon du r ing s c a t t e r i n g . In o n e - s p e e d , n e u t r o n - t r a n s p o r t t h e o r y , 
A b u - S h u m a y s showed that the m e a n n u m b e r of c o l l i s i o n s and the v a r i a n c e 
could be s i m p l y d e t e r m i n e d by the u s e of a " s t o c h a s t i c " va lue for t he m e a n 
n u m b e r of s e c o n d a r i e s in the so lu t ion of the t r a n s p o r t equa t ion . An e x t e n 
s ion of the A b u - S h u m a y s p r o c e d u r e to e n e r g y - d e p e n d e n t t h e o r y is p r e s e n t e d 
h e r e . Such in fo rma t ion m a y be usefu l in the fu tu re d e v e l o p m e n t of t e c h 
n iques to c o r r e c t for m u l t i p l e s c a t t e r i n g effects in e x p e r i m e n t a l t r a n s m i s 
sion m e a s u r e m e n t s of c r o s s sec t ions .^" 

The me thod of solut ion used h e r e h a s the a d v a n t a g e tha t it i s not a 
m u l t i g r o u p me thod . Quan t i t i e s of i n t e r e s t a r e a l l con t inuous in e n e r g y and 
angle , subject only to q u a d r a t u r e a p p r o x i m a t i o n s ; h e n c e one need not a v e r a g e 
phys ica l quan t i t i e s over an e n e r g y i n t e r v a l . A l i m i t a t i o n of the p r o c e d u r e 
used h e r e is that the s c a t t e r i n g k e r n e l i s s o m e w h a t r e s t r i c t i v e and t e n d s to 
be too s t rong a t h e r m a l i z e r , a l though m a n y f e a t u r e s of n e u t r o n - t r a n s p o r t 
phenomena can be de r ived while us ing i t . ' ' ' ' ° " ' ^ 

The s c a t t e r i n g p r o p e r t i e s of r e a l m o d e r a t o r s a r e s o m e t i m e s too 
compl ica ted to be r i g o r o u s l y t aken into accoun t in t r a n s p o r t p r o b l e m s - a l s o 
f iner de t a i l s of the s c a t t e r i n g function m a y have l i t t l e in f luence upon the 
solut ion of the t r a n s p o r t equat ion . F o r both of t h e s e r e a s o n s , s c a t t e r i n g 



models a re developed that at least roughly approach the real scattering 
laws while preserving the basic features of the scattering phenomenon. 
Additionally, models that a re purely artificial inventions aid in the develop
ment of methods for solving the t ransport equation.^' 

The usual approach with respect to the angular dependence of the 
scattering kernel is to make an expansion in Legendre polynomials and 
truncate the se r i e s . New theories are usually developed with only the 
zeroth, or isotropic, Legendre t e rm retained m the expansion, later de
velopments of these theories may include a refined scattering kernel 
accounting for (at least) linear anisotropic scattering. Any t e rms beyond 
the linear te rm are usually ignored because they are considered relatively 
unimportant for neutron-t ransport calculations at low energies and for non-
hydrogeneous mater ia l s . 

With regard to energy dependence, the simplest artificial kernel is 
the constant-cross-sect ion approximation, which is equivalent to a one-
speed problem.^^ More refined kernels a re the Fe rmi kernel, which de
scribes the scattering by a delta function m energy,^' and the degenerate 
kernel, which describes the scattering m te rms of a bilinear se r ies . 
Several kernels that are based on physical principles are available. Pe r 
haps the most widely used of these is the monatonaic gas model, which has 
also been used quite extensively to describe nongaseous modera tors . ' " 
Other available models are based on the structure and dynamics of various 
moderators . '^ 

The Fe rmi kernel represents one extreme in describing the energy 
exchange in a scattering, since it represents very weak energy exchange 
between moderator atoms and neutrons. T^e separable kernel, consisting 
only of the first (isotropic) t e rm of the degenerate kernel, represents the 
other extreme; for this kernel, the medium has very strong thermalizing 
propert ies , virtually casting a neutron into equilibrium with the moderator 
after a single collision. " 

Perhaps the most rewarding use of the degenerate kernel with a 
given number of t e rms occurs when it is expanded in moments of the scat
tering kernel . Then each successive t e rm accounts exactly for a higher 
moment of the scattering kernel. " (in contrast to this, a polynomial ex
pansion model will represent each moment only as accurately as the 
truncation will permit.) Fur the rmore , the degenerate kernel has the 
desirable property that it satisfies detailed balance. This kernel also 
preserves the scattering cross section exactly, a desirable t ra i t when 
leakage fluxes are required. F r o m a mathematical standpoint, another 
valuable asse t of the degenerate kernel is that it greatly facilitates the 
solution of the t ransport equation. The degeneracy of the kernel causes 
a decoupling of the initial neutron energy from the neutron energy after 
the scattering interaction. It is this type of separable kernel that will be 
used in this report . 



II. THEORETICAL DEVELOPMENT 

A, B a s i c E q u a t i o n s 

The b a s i c equa t ion d e s c r i b i n g n e u t r o n mo t ion is the t r a n s p o r t e q u a 
t i on which we s h a l l a s s u m e h a s the s imp l i f i ed form^^ 

St{s) 3x 

S 
— + 1 Y(0, eo,M.o^ X, €,M.) = 

r ' ^ ( 0 , e o , H o ^ X, e ' , t i ' ) 
d e ' I d p , ' Z ( e ' , M ' ' ^ e . t i ) — 

S t (e ' ) 
(1 ) 

w h e r e Y(0, GQ, UO "̂  x, e, |l) i s t he c o l l i s i o n d e n s i t y a t e n e r g y e ( n o r m a l i z e d 
to un i t s of kT) and d i r e c t i o n c o s " ' | i . The t o t a l m a c r o s c o p i c c r o s s s e c t i o n 
of the m e d i u m is T,i(e). Equa t ion 1 is to be so lved sub jec t to the b o u n d a r y 
condi t ions for the s l ab of t h i c k n e s s T 

Y(0, Eo.do -* 0, e.M') = ^ 6 ( e - eo) 6 ( M , - H O ) , 0 S l̂ S 1; 

Y(0, £„, |io ^ T, e, -M.) 

2n 

0 0 s [i fi 1. 

The o n e - t e r m k e r n e l d e s c r i b i n g the s c a t t e r i n g f r o m s t a t e ( e ' , n ' ) to s t a t e 
(e , | i ) is speci f ied by the r e l a t i o n 

E ( e ' , | i ' -* e,M.) = ^ M ( e ) := — 
2 E 

(2) 

where T. i s the a n g l e - and M a x w e l l i a n - a v e r a g e d s c a t t e r i n g c r o s s s e c t i o n for 
Es(e), and M(e) is the n o r m a l i z e d Maxwe l l i an d i s t r i b u t i o n . The f o r m of the 
k e r n e l is s een to sa t is fy the de ta i l ed b a l a n c e r e l a t i o n and s p e c i f i c a l l y p r e 
c ludes the f i s s ion p r o c e s s . 

With th is k e r n e l it is p o s s i b l e to c a s t the four n o n l i n e a r , i n v a r i a n t -
imbedding , i n t eg rod i f f e r en t i a l equa t ions into the f o r m of two n o n l i n e a r i n t e 
g r a l equat ions given by ' 

*(T,e,^) = ^s( = ) + - ^ / de„ J ^ 
' duo M ( e o ) S s ( e o ) 

E t { e o W o + St(e)/M. 

• [ • ( T , e,M.)MT, eo,M.o)-tp(T, Z.HMT, CO, H O ) ] ; 
(3) 



^(T.e.V.) -- E , ( c ) e - ^ t ( 0 ^ ^ ^ d e „ 
dM.0 M(S( , )Ss (eo) 

tio ^t(so)/M'o - ^ t («) /M' 

[tp(T, e, M')il'(T, So. ^io) - *(•!•, e, M.)tp(T, eo, Ho)]. (4) 

T h e f u n c t i o n s III(T, e , | i ) a n d cp(T, e, | i) a r e d e f i n e d i n a m a n n e r s i m i l a r t o t h e i r 
d e s c r i p t i o n i n R e f . 7: 

it;(T,e,M,) = ^ s ( e ) + j ;wT) / ^^c / dM,oR(T, e, n; So. M.o)2^s(eo)M(eo); (5) 

cp(T, e, n) 
M(e) dso dHoT(T, e ,n ; eo,tio)5^s(eo)M(eo)- (6) 

The t r a n s m i s s i o n function T ( T , e, H; CQ, |io) de dp, is defined a s the p r o b a b i l i t y 
that a p a r t i c l e i nc iden t upon the s l ab face at x = 0 in a d i r e c t i o n whose 
c o s i n e is \i,Q and wi th e n e r g y SQ wi l l e m e r g e at the s l ab face at x = T wi th 
a d i r e c t i o n in d|i about \i and an e n e r g y in de about e, A_n ana logous def i 
n i t ion ho lds for the r e f l e c t i o n funct ion given by R ( T , e, ti; eg, HQ) de dn, 

B, E m e r g e n t C o l l i s i o n D e n s i t i e s and L i n e a r I n t e g r a l Equa t ion 

The r e f l e c t i o n and t r a n s m i s s i o n funct ions a r e v e r y s i m p l y r e l a t e d to 
the c o l l i s i o n d e n s i t i e s a t the s l a b s u r f a c e s by the equa t i ons 

R ( T , e, H; eo, M̂o) = 2TT 

_ t ^2 t (e^ 

M'o^t^'^o) 
Y(0, eo, M̂o " 0. e. -^) (7) 

a n d 

M,i:t(€) 
T ( T , e, t i ; eo, Ho) = 2n , - V(0, eo, M.o ^ T . S. M'), (8) 

w h e r e 0 S p. S 1, W e o b s e r v e t h a t III(T, e, M') a n d cp(T, e, M.) a r e t h e e n e r g y -

d e p e n d e n t c o u n t e r p a r t s of t h e X - a n d Y - f u n c t i o n s of C h a n d r a s e k h a r ^ f o r 

t h e s e p a r a b l e k e r n e l . O n c e t h e s e f u n c t i o n s h a v e b e e n d e t e r m i n e d , t h e 

r e f l e c t i o n a n d t r a n s m i s s i o n d i s t r i b u t i o n s c a n b e o b t a i n e d f r o m t h e e q u a t i o n s ' 

R ( T , 6, \i.; eo, M.o) 
M ( e ) 

2M.„ 

> ( T , e, l^);tf(T, eo, M.o) - cp(T, e, M.)(p(T, eo, t^p) 

, H^o)/^o + S t (eo) /n 
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a n d 

T ( T , e , l ^ ; e o , l ^ o ) = e x p [ - i : t { e o ) A o ] 6 ( e - eo) 6(M. - l^o) 

M ( e : 

2Jin 

•cp{T, €, fi)ili(T, eo, M.o} - I1I(T, e, M.)cp(T, eo, ^'o)' (10) 

It is seen f rom Eqs , 9 and 10 that R and T sa t i s fy the r e c i p r o c i t y r e l a t i o n s ' 

tioM(eo)R(T, e, | i; Eo. M'o) = M.M(e)R(T, Co, lio; e. ^̂ ) 

and 

tioM(eo)T(T, e,M.; eo•^io) = M.M(e)T(T, eg, P̂ o; e, ^i). 

which, th rough use of Eqs , 7 and 8, a g r e e wi th the r e c i p r o c i t y r e l a t i o n s 
given in Ref, 25, 

Equat ions 3 and 4 a r e the coupled i n t e g r a l equa t i ons tha t d e s c r i b e 
the diffuse ref lec t ion and t r a n s m i s s i o n p r o p e r t i e s of the s l a b . The equa t ions 
c o r r e c t l y reduce to the s ingle non l inea r equa t ion d e s c r i b i n g h a l f - s p a c e r e 
flection, s ince the function cp(", e ,^) is z e r o . F u r t h e r m o r e , it can be shown^^ 
that the reduced equation in t e r m s of i|i(", e, p) can be c a s t into the f o r m of 
the equation for the H-f'unction of C h a n d r a s e k h a r . ^ 

Equat ions 3 and 4 a r e solved by c o n s i d e r i n g the l i n e a r F r e d h o l m 
equation 

( I - L ) x {J(t, e,n)} = e x p [ - i : t ( e ) x > ] , ( H ) 

where the o p e r a t o r L,ĵ  lJ(t,e ,LL ) | is defined as 

Lx{j(t , e,^i)} = / K i ( | t - x | ) J ( t , 6 ,n) dt, (12) 

and where the k e r n e l Kj is defined by 

'̂̂ (̂ ^ = Tz d e 
d^i 

M(6; 
Et(e) E | ( e ) exp [ -E t ( e )T l> ] , (13) 

1, 2, 

(The need for K^{1\), n > 1, o c c u r s in the n u m e r i c a l eva lua t i on s c h e m e of 
Sec. D below.) Equat ions 11 and 12 are the energy-dependent g e n e r a l i z a t i o n s 
of the "aux i l i a ry equation" of B u s b r i d g e , ' and J( t , e,M.) is the e n e r g y - d e p e n d e n t 
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" a u x i l i a r y funct ion," It wi l l be shown below that j ( 0 , e, n) and J ( T , e, M') 
m a y be r e l a t e d d i r e c t l y to I|;(T, e,ti) and cp(T, e, |i), r e s p e c t i v e l y . 

To e s t a b l i s h the connec t ion be tween E q s , 3 and 4 and the a u x i l i a r y 
equa t ion , two l e m m a s a r e u s e d . 

L e m m a 1 , Le t 

F , (x , e,H) = l l ^ - l i ^ [ d e o f ^ M(eo)S|(e„)J(x, eo, l̂ o) 
ZT. I / M'o 

_ J ( T ^ r ^^^ r ^ M ( e o ) E | ( e o ) J ( T - x , eo.t^o). 

Then 

(I - L)x {Fi(t, e, M.)} = J (0 , e, u)Ki(x) - J ( T , e, ti)K,(T - x) . 

Proof: Th i s l e m m a is p r o v e d , in p a r t , by us ing E q s . 11 and 12 in Eq. 13 
to o b s e r v e tha t 

1 r r dM-
K I ( X ) = - ^ deo —5 M(eo)E|(eo)J(x,eo,Uo) 

2Z / 7 M'o 

- : ^ / deo / — M ( e o ) 4 ( e o ) / Ki( |t - x | ) J ( t , eo, M-O) dt 
2E 7 / Ho J 

= { I - L ) x j - ^ r deo j ^ ° M ( e o ) i : | ( e o ) J ( t , e o , H o ) ^ 

w h e r e the l a s t s t e p is a c c o m p l i s h e d by an i n t e r c h a n g e of the o r d e r of i n t e 
g r a t i o n . The proof i s c o m p l e t e d by w r i t i n g th i s l a s t equa t ion for Ki(x) and 
K I ( T - x) , m u l t i p l y i n g by J (0 , e, H) and J ( T , e, M-), r e s p e c t i v e l y , and then 
s u b t r a c t i n g . 

L e m m a 2. Le t 

^ / \ 3 j ( x , e, \j.) St(e) , , 
F2(x, €, H) = —i - - ^ + J(x, e, M.), 

ox H 

T hen 

(I - L)x {F2(t, e. M,)} = J (0 , e, M.)Ki(x) - J ( T , e, H ) K I ( T - x) . 
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Proof: The proof is given in Appendix A. 

The following t h e o r e m m a y now be e s t a b l i s h e d : 

T h e o r e m 

Let J(0, e, H) and J ( T , e, H) be so lu t ions of the l i n e a r F r e d h o l m e q u a 
tion (Eq. 11). Then a solution of the n o n l i n e a r , coupled i n t e g r a l E q s , 3 and 4 
is given by 

I)I(T, e,M.) = T.g{c)j(0, e, |x) 

a n d 

(14) 

(15) cp(T, e, H) = J:s{e)J(T, e, M.)-

Proof: L e m m a s 1 and 2 give 

( I - L ) x {Fi(t, e,^i) - F2(t, e, |i)} = 0, 

since L^ is a l inear o p e r a t o r . As in Ref. 9, it m a y be shown tha t the func
tion in b r a c e s is ze ro and hence 

a j ( x , e , n ) ^t(e) J(0, e,^l) f" , f' d^o , , ^ , , , , 
- ^ • + -y- J (^ ' ^' ^^ = 2f J ' '" ' ' j " ^ M(eo)i : | (eo)J(x, eo, Ho) 

0 0 

^ ^ ^ 3 ^ ' ^ ^ / "*'" / 1 ? ^ ( ' ° ' ^ s{eo)J{T - X, eo. Ho)- (16) 

It is now convenient to apply the t r a n s f o r m 

C(s, e,H) = / e"^ ' ' j (x , e,H) dx 

to Eq. 16. Since it follows f rom Appendix B tha t 

^t(«o 

Ho 
e, H 

'^t(e) 
So, Ho 

a n d 

exp[-Zt(eo)T/po]C 
ftK) 

Ho ' 
e,H exp[-Zt (e)T/H]£ 

Et(e) 
eo.'J'o 

( 1 7 ) 

(18) 
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it can then be shown that 

"St(eo) "^t(eo) Et(e) 
H H 

and 

•EtUo) Zt(e) 

- H o ' H J 

^t(eo) 

L Ho 

e, p, 

e, H 

J(0, e, H ) J ( 0 , eo. Ho) - J ( T , e, H)J(T, eo. Ho) 

= J(0, e, n)J(0, eo, -Ho) " J (T , e, H)J(T, €O, -HO)-

At this point, the last two equations are multiplied by (2Zn)"'M(e)Eg( e) and 
integrated over e and H- The proof of the theorem is then completed with 
the observation that 

J(0, e,-p,) = exp[Et(e)T/ti]j(T, e, M,) 

a result which is derived in Appendix B. 

(19) 

Solution of Eq. 11 provides a unique answer which, through Eqs. 14, 
15, 9, and 10, provides unique t ransmission and reflection functions whose 
accuracy depends only upon the accuracy with which Eq, 11 is solved. 
Direct nunnerical solution of Eqs. 3 and 4, however, does not necessar i ly 
provide a unique solution for ilf(T, e,n) and tp(T, e,H), The uniqueness of 
the solutions is discussed by Busbridge' for the one-speed case and is 
treated quite extensively by MuUikin.^ It is sufficient to say here, how
ever, that there a re constraint equations ' that could be applied to the solu
tions for I|I(T, e, p.) and cp(T, e, H). These constraints may be given a physical 
interpretation, which leads to their immediate derivation.^' '^' 

C, Generating Functions and the Reflection and Transmission Functions 

As indicated previously, it is also of interest to obtain information 
on the mean ntrmber of collisions suffered by an incident neutron before it 
is reflected or t ransmitted through the slab. Following the approach of 
Abu-Shumays," the nth-generation t ransmiss ion, TJJ(T, e, Hi SQ, HO) de dH, is 
defined as the conditional probability that a particle incident upon the slab 
face at X = 0 in a direction whose cosine is Ho and with energy eo will, 
after exactly n collisions, emerge from the slab face at x = T in a d i rec
tion whose cosine is in dH about p, and whose energy is in de about e. 
There is a corresponding definition for the nth-generation reflection, 
RJJ(T, e, H; Bo, Ho) de dp. For 5e [0 , l ] , we define density-generating func
tions by 

R ( T , e,p; eo,Ho;?) = ^ ?''Rn(T, e, H; eo. Ho) (20) 
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ind 

T ( T , e , H ; e o , H o ; 5 ) = X ? ' 'Tn (T , e, H ; eo. Ho). (21] 

so that the ref lected and t r a n s m i t t e d dens i t y funct ions of E q s , 9 and 10 

become 

R ( T , e,H; 6o,Ho) = R ( T , e ,p ; eo,Ho; 1) (2^) 

and 

T ( T , e ,p ; eo. Ho) = T ( T , e, p; eo, Ho, 1 )• (23) 

In p rec i se ly the s a m e m a n n e r as m Ref. 19, the i n v a r i a n t - i m b e d d i n g 
equations can be manipula ted to show that the r e f l e c t e d and t r a n s m i t t e d d e n 
sity functions a r e t r a n s f o r m e d into the c o r r e s p o n d i n g d e n s i t y - g e n e r a t i n g 
functions by replacing the s c a t t e r i n g k e r n e l by a " s t o c h a s t i c s c a t t e r i n g 
kerne l . " Fo r the s e p a r a b l e k e r n e l , th is s t o c h a s t i c s c a t t e r i n g k e r n e l con
s i s t s of the r ep lacemen t of Es(e) m Eq. 2 by v | E s ( e ) , The i n v a r i a n t -
imbedding in tegra l equat ions for the funct ions \II(T, e, p; I ) and ^ ( T , e, p; 5) 
can then be wri t ten in a fo rm s i m i l a r to E q s , 3 and 4 a f t e r r e p l a c e m e n t of 
Sg(e) by v5E3(e). In this c a s e , the g e n e r a t i n g funct ions R ( T , e. Hi eo. Ho; 5) 
and T ( T , e,H;eo,Po,§) obey E q s . 9 and 10. with \|f(T, e, p) and cp(T, e, p) r e 
placed by I|/(T, e, H; | ) and cp(T, e, H; I ) , r e s p e c t i v e l y . The funct ions ([((T, e, H; I) 

and cp(T, e ,p ;5 ) sat isfy equat ions s i m i l a r to E q s , 14 and 15: 

I|I(T, e , p ; ? ) = A^sie)J{0, e , P ; ? ) (24) 

and 

tp(T, e ,H;5) = y i S s ( e ) j ( T , e, p; | ) , (25) 

Here J ( T , e, p; Z) sa t i s f ies a u x i l i a r y Eq, 1 1 wi th a k e r n e l Ki(Tl; 5) of Eq, 12, 
now defined by 

K,(T1;?) = 5 K , ( 7 1 ) , (26) 

where K,(T1) is defined in Eq, 13, T h u s , a l l s t o c h a s t i c d e p e n d e n c e r e s i d e s 
as a mul t ip l ie r of the ke rne l . 

F r o m Eqs , 20 and 21 , we o b s e r v e that the m e a n n u m b e r of c o l l i s i o n s , 
nj. and n^, for the ref lec t ion and t r a n s m i s s i o n of n e u t r o n s , r e s p e c t i v e l y , can 
be de te rmined from the equat ions 



2 . rnRrn(T, e, p; eo.Po) 3 „ , ,, . . i 
r ^ o 3? R ( T , e , p ; eo,Ho;l) r = , 

n = — - ~ (21\ 
" " R(T ,e ,H;eo ,Ho; 1) ^ ' 
Z . Rni(T, e, p; eo,Ho) 

and 

2 . ' ^Tm( ' ' ' ' «• Hi So. Ho 
m=o 

•'t 

l^ TJ,J^(T, e , p ; eo, Ho) 

g | T ( T , e, p; eo, Po; ? ) U = i 

T ( T , e, p; eo, Hoi 1) 
(28) 

Further, the variance in each of the quantities can be determined from 

-gp R(T, e,p; eo,Ho; 5) |E , I 

n^(nr- l ) = ^ -, rv^— (29) 
'̂ ^ "" ' R ( T , e,H; eo.^'oi 1) 

and 

T p T ( T , e, p; eo, Poi ?)U = i 
nt(nt - 1) = ^^-^;;7 r r ^ ^ (30) 

^ ' T ( T , e , p ; eo.Po; 1) 

through the relations 

Var(Hr) = nj.(nj. - I) -t n^ - n\ (31) 

and 

Varfnj) = nt(nt - 1) -f- n̂  - n .̂ (32) 

D. Calculational Procedure 

Numerical solution of Eq, 11 and subsequent use of Eqs. 14 and 15, 
9 and 10, and 7 and 8 yield the energy- and angle-dependent reflected and 
transmitted distributions for a unit neutron source impinging upon a face 
of the slab. This numerical solution is by no means trivial, because there 
is a logarithmic singularity in the kernel Ki(Tl) of Eq. 13 when 1) is near 
zero. This numerical procedure could be avoided by use of the technique 
employed by Mockel (Eqs. 34 and 40 of Ref. 7) who obtained the functions 
ilr(T, e, p) and cp(T, e,p) by a direct (initial-value) numerical solution of a 
coupled pair of nonlinear, first-order integrodifferential equations. The 
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solution of Eq. 11, however, allows the determination of the reflection and 
transmission functions at specified angles and energies, instead of angles 
and r e r g i e s restricted to a mesh chosen strictly for best numerical evalu-
ation of the integrals 

One way to numerically solve Eq. 1 1 is to expand the function J ( T , e, p) 

in a truncated power series given by 

N 
J(T, e,p) = YJ an(e,H)t'^-

n=o 

Equation 33 allows us to write Eq. 12 as 

N 
Lx{j(t, e,p)} = YJ an(e.H)In(^'T)' 

(33) 

(34) 

where 

in(x, T) = r K,{\t - x\) t^ dt. 
.Jn 

We recognize that In(x, T) can now be explicitly determined by parts inte
grations since, from Eq. 13, 

K„(T1) = (-1)"^K„+,(T1). 

At this point we note that the straightforward substitution of Eq. 33 
into Eq, 1 1 will define a set of N + 1 equations in the coefficients ajj(e, p), 
whose order depends upon the order of the polynomial expansion in Eq. 33. 
Determination of the aj^(e,p) leads directly to J ( T , e, p). As the size of 
the slab increases, however, one is forced to increase N to obtain the 
desired accuracy. 

A means of avoiding the higher-order polynomials can be obtained 
by generalizing the approach of Mayers.^ ' This consists of dividing the slab 
into K subslabs of half-width tj. and treating each subslab with a low Nth-
order polynomial fit. We assume a set of N -(- 1 mesh points for each sub-
slab and, since In(x, T) is known, a change of variable allows the explicit 
determination of b]^i(x, T) from a quadrature formula given by 

r 'k N 
W ^ . T) = j Ki( |y-x|) y^dy = ^ bij,(x, T)yfĵ , k = 1, 2 K. (35) 

k 1=0 



We now s u b s t i t u t e Eq, 35 into Eq, 11 to give 

K N N 
J(x , e, p) = ^ Y ank(e . H) ^ h,y.{K, T)yf^ -̂  e x p [ - r t ( e ) x / H ] 

k=i n=o i=o 

and r e a r r a n g e to ob ta in 

K N 

J (x , e,H) = X Z bik(x, T)j(y^j^, e ,p ) -̂  exp[ -Et (e )x /H] , (36) 
k=i i=o 

w h e r e 

N 

J(yik . e.H) = Y ^nk(«.^^)yik• i = 0, 1 N, k = 1, 2 K. 

E v a l u a t i o n of Eq. 36 at e a c h of the p r e s c r i b e d K ( N - F 1) points of the s l ab 
and p r o v i s i o n of coupl ing be tween the s u b s l a b s by se t t ing J(yj,g^],., e,H) = 
J(yok-l-i, e, H) e n a b l e s us to find a v e c t o r J ( T , e, p) a c r o s s the s l ab (0, T ) . 

The a p p r o a c h of M a y e r s was chosen b e c a u s e the s t r a i g h t f o r w a r d 
s u b s t i t u t i o n of Eq. 33 into Eq. 11 led to the i n v e r s i o n of an i l l - cond i t i oned 
m a t r i x and a l s o showed no s ign i f i can t d e c r e a s e in c o m p u t e r running t i m e 
when c o m p a r e d with the me thod of Eq. 36. We a l s o note that the angle and 
e n e r g y d e p e n d e n c e in Eq. 36 r e s i d e e n t i r e l y in the exponen t i a l , so tha t to 
c a l c u l a t e J ( T , e,H) l o r v a r i o u s v a l u e s of e and H, we m e r e l y r e i t e r a t e the 
equa t ion with the m a t r i x c o m p o s e d of the bj.j(x, T) for the s l a b . 

N u m e r i c a l d i f f e r e n t i a t i o n s a s ind ica ted by E q s . 27-30 w e r e p e r 
f o r m e d to d e t e r m i n e the m e a n n u m b e r of c o l l i s i o n s and the v a r i a n c e . 
Since the o r d e r of the e r r o r in the d e r i v a t i v e when us ing a two-po in t dif
f e r e n c i n g s c h e m e is of the o r d e r of the m e s h spac ing , and s ince th i s was 
a s s u m e d to be 0.01 in the c a l c u l a t i o n s , a two-po in t d i f f e r ence for the f i r s t 
d e r i v a t i v e and a t h r e e - p o i n t d i f f e r ence for the second d e r i v a t i v e w e r e u s e d . 
T h u s , when v a r i a n c e c a l c u l a t i o n s w e r e d e s i r e d , t h r e e so lu t ions of the 
i n t e g r a l equa t ion w e r e m a d e . An e x t e n s i o n of the c a l c u l a t i o n a l p r o c e d u r e 
to h i g h e r - p o i n t d i f f e r ence a p p r o x i m a t i o n s would not be i n f e a s i b l e , h o w e v e r , 
s i n c e e a c h so lu t i on of the i n t e g r a l equa t ion r e q u i r e d a p p r o x i m a t e l y 0,55 sec 
on a C D C - 6 4 0 0 c o m p u t e r . 

III. N U M E R I C A L R E S U L T S 

A c o m p u t e r code was w r i t t e n to so lve Eq. 11 and to e v a l u a t e E q s . 27 -
30. The a c c u r a c y of the code was c o n f i r m e d by the r e p r o d u c t i o n of the o n e -
s p e e d d a t a g iven by B e l l m a n et al.^° and by the so lu t i on of an e q u a t i o n wi th 



„ . N u m e r i c a l r e s u l t s for the e n e r g y - d e p e n d e n t t h e o r y 

r e r T o S n r r s - g t h n : i : t e r i n g c r o s s s e c t i o n . . ( e , g iven '^ by the z e r o t h 

m o m e n t of the sca t t e r ing k e r n e l for a f ree g a s . 

J. (j) = J _ [{2Ae+l ) erf ( .^Ai) -̂  2 ^ A e / n e - A e ] , (37) 

where A is the ra t io of s c a t t e r e r to n e u t r o n m a s s and Ef is the f r e e a t o m 
c r o s s sect ion. The constant E in Eq. 2 is given by 

T. = Zf(l + - ) 
1 \ "2 

A / ' 

where the values of Ej a r e given in Tab le I. 

TABLE I, Average Energy and Energy at Maximum of Distribution for 
Neutrons Reflected and Transmitted in a Nonabsorbing Free Gas, 

Varying Mass Number A (ej = 1,0, n = 1.0, M-o = 1,0, Tjlf = l/3) 

A 

1 

4 

7 

12 

18 

Tf, c m " ' 

0,00163 

1,88 X 1 0 " ' 

0,06280 

0,3699 

3.4031 

Ref lec 

= r 

1,827 ± 0,007 

1,967 ± 0,026 

1,986 ± 0,020 

1,994 + 0,014 

1,996 ± 0,01 1 

: t i on 

e? 

0,736 ± 0,004 

0,874 ± 0.016 

0.922 ± 0.013 

0,953 ± 0.009 

0,968 ± 0,007 

T r a n s n n i s s i o n 

H 

1,830 ± 0,006 

1,967 ± 0,025 

1.987 ± 0.020 

1.994 + 0.014 

1,996 ± 0 ,011 

^t 

0,745 ± 0,004 

0,877 ± 0,015 

0,924 ± 0,013 

0,953 ± 0,009 

0.968 ± 0.007 

The calcula t ions w e r e p e r f o r m e d for th in s l a b s , the o b s e r v e d q u a n 
t i t ies being the a v e r a g e ene rgy and the m o s t p r o b a b l e e n e r g y for n e u t r o n s 
that were ref lected and t r a n s m i t t e d t h r o u g h the s l a b s a t v a r i o u s a n g l e s . To 
find the ave rage exit energy , it was o b s e r v e d tha t the da t a would be f i t ted 
very well by a l e a s t - s q u a r e s fit of the e x i t - e n e r g y p r o f i l e s to the t h r e e -
p a r a m e t e r functions given by 

R{T, e ,p; eo,Ho */(^ 
-<T7^) (^«) 

and 

T(T,e,P;eo,Ho) = Cte=t/{ft-et*) e x p ( ^ - ^ ) + exp[-Et(eo)T/Ho]6(e - e„) 6(p - Ho). 

' . ' (39) 

Here e and e* a r e cons tan t s denot ing the a v e r a g e n e u t r o n e n e r g y and the 
energy at the m a x i m u m of the d i s t r i b u t i o n , r e s p e c t i v e l y ; t h e s e c o n s t a n t s t ake 
on the values e = 2 and e* = 1 for a p u r e l y Maxwel l i an d i s t r i b u t i o n . Cj. 
and Ct a r e fitting p a r a m e t e r s . 



T a b l e I shows s a m p l e v a l u e s of l e a s t - s q u a r e s - f i t t e d coef f ic ien t s of 
e and e* for a c o n s e r v a t i v e s y s t e m . The h e a v i e r t a r g e t m a t e r i a l s p r o d u c e 
e m e r g e n t d i s t r i b u t i o n s tha t a r e not far f r o m the Maxwe l l i an in s h a p e . As 
A d e c r e a s e s , the d e p a r t u r e f r o m Maxwe l l i an is qu i te ev ident , but the shape 
is v e r y e a s i l y f i t ted to funct ions of the f o r m of E q s . 38 and 39. The e r r o r 
r a n g e quo ted in T a b l e I is a c o n s e q u e n c e of the u s e of a n o n l i n e a r l e a s t -
s q u a r e s - f i t t i n g r o u t i n e . 

C a l c u l a t i o n s w e r e a l s o m a d e of e and e* for r e f l ec t ed and t r a n s 
m i t t e d n e u t r o n s e m e r g e n t f r o m n o n a b s o r b i n g m a s s - 1 8 gas s l a b s of v a r y i n g 
t h i c k n e s s . The r e s u l t s a r e shown in T a b l e II, w h e r e it was o b s e r v e d that 
for a g iven m a s s n u m b e r , the a v e r a g e e n e r g y of the e m e r g e n t n e u t r o n s 
a p p r o a c h e s the a v e r a g e t a r g e t e n e r g y wi th i n c r e a s i n g s l ab t h i c k n e s s . Th i s 
is r e a s o n a b l e , s i n c e an i n c r e a s i n g s l ab t h i c k n e s s i m p l i e s a l a r g e r n u m b e r 
of c o l l i s i o n s , on the a v e r a g e , and hence n e u t r o n s e s c a p i n g f rom a s u r f a c e 
should be n e a r e r e q u i l i b r i u m with the t a r g e t a t o m s . 

T A B L E II. A v e r a g e E n e r g y and E n e r g y at M a x i m u m 
of D i s t r i b u t i o n for N e u t r o n s Ref lec ted and T r a n s m i t t e d 
in a N o n a b s o r b i n g F r e e G a s , Vary ing Slab T h i c k n e s s 

(A = l i 1.0, H = 1.0, H 1.0) 

TZf 

1/6 
1/3 
2 / 3 

1 
2 
5 

Ref lec t ion 

Er 

1.996 
1.996 
1.997 
1.997 
1.998 
1,999 

e* r 

0.965 
0,968 
0.973 
0.977 
0.986 
0.996 

T r a n s m i s s i o n 

h 

1.996 
1,996 
1.997 
1.997 
1.999 
2,002 

*t 

0.965 
0.968 
0.975 
0.981 
0.996 
1.016 

F i g u r e 1 i l l u s t r a t e s the m e a n n u m b e r of c o l l i s i o n s e x p e r i e n c e d by 
a n e u t r o n d u r i n g i t s m i g r a t i o n in a n o n a b s o r b i n g s l ab of m a s s - 1 8 gas of 
v a r y i n g t h i c k n e s s . The va lue of rij. for r e f l e c t e d n e u t r o n s i n c r e a s e s 

Fig. 1 

Mean Number of Collisions Experienced 
by Reflected and Transmitted Neutrons. 
ANL Neg. No. 103-A9047. 
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monotonica l ly and approaches infinity a s the s l ab t h i c k n e s s b e c o m e s ^^niinite. 
a s i m i l a r r e su l t has been expl ic i t ly d e r i v e d for o n e - s p e e d p r o b l e m s . The 
value of nt is seen to i n c r e a s e m o r e r ap id ly than n^. for s m a l l T, and l i k e 
wise i n c r e a s e s without bound as the s lab t h i c k n e s s i n c r e a s e s . 

Tables III and IV show the v a r i a t i o n wi th ang le of e and e* for n e u 
t rons ref lected and t r a n s m i t t e d th rough c o n s e r v a t i v e l y s c a t t e r i n g s l a b s of 
th ickness TZf = l / 3 and 1, r e s p e c t i v e l y , for a s c a t t e r e r of A = 18. The 
values of e and e* show l i t t le dependence upon T for TEf > 1/3, but the 
m e a n number of col l i s ions before e m e r g e n c e v a r i e s s u b s t a n t i a l l y . F o r a 
given angle of incidence, the a v e r a g e e n e r g y of n e u t r o n s r e f l e c t e d o r t r a n s 
mi t ted through the slab i n c r e a s e s with d e c r e a s i n g H. In p a r t i c u l a r , the 
emergen t d is t r ibut ion for the g r a z i n g angle a p p e a r s to be n e a r l y M a x w e l l i a n 

TABLE III, Average Energy and Energy at Maximum of Distribution for Neutrons 
Reflected and Transmitted in a Nonabsorbing Free-gas Slab of TZf = 1/3, 

and Average Number of Collisions Suffered in Transit; A = 18, GQ = 1 

1̂ 0 

1,0 
1.0 
1.0 
1.0 

0.5 
0,5 
0,5 
0,5 

0,02546 
0,02546 
0,02546 

u 

1,0 
0,5 
0,02546 
0,005 

1,0 
0,5 
0.02546 
0.005 

1,0 
0,5 
0,02546 

ŝ r 

1,996 
1,997 

1,999 
2,000 

1,996 
1.997 
2,000 
2,000 

1,996 
1,996 
1,998 

;̂ 
0,968 
0,973 
1,000 
1,000 

0,967 
0,973 

0,999 
1,000 

0,964 
0,966 
0,982 

" r 

1,537 
1,534 
1,467 
1,463 

1,5 34 

1,529 
1,434 
1,428 

1,467 
1,434 
1,166 

V a r ( n r ) 

0,900 
0,895 

0,799 
0,791 

0,895 
0,887 

0,746 
0,735 

0,799 
0,747 
0,272 

«t 

1,996 
1,997 

2,000 
2,000 

1.996 
1,997 
2,000 
2,000 

1,997 
1,997 
2,003 

n* 
0,968 
0.974 
1,001 
1,000 

0,969 
0,975 
1,001 
1,000 

0,973 
0,983 
1,027 

" t 

1,54 3 

1,546 
1,547 
1,547 

1,546 
1.551 
1.595 
1,596 

1,547 
1,594 
2,647 

V a r ( f i t ) 

0,909 
0,912 

0,918 
0,916 

0,912 
0,921 

0,983 
0.982 

0.917 
0,981 
1,338 

TABLE IV, Average Energy and Energy at Maximum of Distribution for Neutrons 
Reflected and Transmitted in a Nonabsorbing Free-gas Slab of TEf = 1, 
and Average Number of Collisions Suffered in Transit; A = 18. e„ = 1 

|io 

1.0 

1.0 
1.0 
1.0 

0.5 

0.5 
0.5 

0.02546 
0.02546 
0.02546 

^ 

1.0 

0,5 
0,02546 
0,005 

1,0 

0,5 
0.02546 
0,005 

1,0 
0,5 
0,02546 

«r 

1.997 
1,998 
2,000 
2.000 

1.997 
1,998 
2,000 
2.000 

1.996 
1,997 
1,998 

'*r 

0,977 
0,987 

0,999 
1.000 

0.975 
0,984 

0.999 
1.000 

0.968 
0.970 
0.982 

" r 

2 ,469 
2,414 
2,101 

2,099 

2,417 

2.329 
1.914 

1,911 

2.103 
1.914 
1.273 

«t 

1.997 
1.998 
2.000 
2 .000 

1,997 

1,997 
2,000 
2,000 

1,998 
2.000 
2.008 

0,981 
0.993 
1.001 
1,000 

0,982 

0,991 
1.002 
1.000 

0.990 
1.008 
1.053 

•H 

2,586 
2,602 

2.670 

2.669 

2.605 
2.641 
3.034 
3.034 

2,665 
3,019 
4 ,105 



in s h a p e . Th i s c o r r e l a t e s we l l wi th the r e s u l t ' " t ha t the n e u t r o n - e n e r g y 
s p e c t r u m for n e u t r o n s e m e r g e n t a t the g r a z i n g ang le is M a x w e l l i a n for the 
Mi lne p r o b l e m wi th a d e g e n e r a t e k e r n e l . It would a p p e a r that the s a m e is 
a p p r o x i m a t e l y t r u e for the s l a b - a l b e d o p r o b l e m , even if the s l ab is qu i te 
th in . Al though t h e s e c o n c l u s i o n s have b e e n r e a c h e d for an i n i t i a l e n e r g y 
eo n e a r un i ty , t hey a r e e x p e c t e d to be a p p r o x i m a t e l y val id for any eo b e 
c a u s e the s e p a r a b l e k e r n e l r e p r e s e n t s a m e d i u m with v e r y s t r o n g t h e r m a l 
iz ing p r o p e r t i e s . ' " 

T a b l e V is s i m i l a r to T a b l e III, excep t that the da ta a r e for a s c a t 
t e r e r of A = I . The a v e r a g e n u m b e r of c o l l i s i o n s r e q u i r e d to t r a v e r s e the 
s l a b i n c r e a s e s s l i gh t ly when c o m p a r e d with the A = 18 c a s e of Tab le III; 
h o w e v e r , e and e* do not i n d i c a t e e m e r g i n g s p e c t r a a s n e a r l y Maxwe l l i an 
a s the A = 18 c a s e excep t a t g r a z i n g a n g l e s . F i g u r e 2 c l e a r l y shows the 
a p p r o a c h to M a x w e l l i a n a s the exi t ang le a p p r o a c h e s the g r a z i n g angle for 
a s c a t t e r e r wi th A = 1. The l e akage s p e c t r u m is s u b - M a x w e l l i a n , a r e s u l t 

c o n s i s t e n t wi th the e n e r g y of the inc iden t b e a m , eo 1. To e x a m i n e the 
e m e r g i n g s p e c t r u m a s a funct ion of e n e r g y , the r e f l ec t i on function was c a l 
cu l a t ed u s i n g the \);(T, e ,p) and cp(T, e ,p) func t ions , s a m p l e v a l u e s of which 
a r e g iven in T a b l e VI. 

TABLE V, Average Energy and Energy at Maximum of Distribution for Neutrons 
Reflected and Transmitted in a Nonabsorbing Free-gas Slab of TSJ = 1/3, 

and Average Number of Collisions Suffered in Transit; A = 1, eg = 1 

Var(nr) Var(nt) 

1,0 
1 ,0 
1,0 

0 , 5 

0 . 5 
0 ,5 

0 . 0 2 5 4 6 
0 , 0 2 5 4 6 
0 , 0 2 5 4 6 

1,0 
0 , 5 
0 , 0 2 5 4 6 

1,0 
0 , 5 
0 , 0 2 5 4 6 

1,0 
0 , 5 
0 , 0 2 5 4 6 

1 , 8 2 7 
1 , 851 
1 ,997 

1 ,826 

1 ,849 
1 ,992 

1.811 
1.841 
1 .895 

0 , 7 3 6 
0 , 7 9 9 
0 , 9 9 5 

0 , 7 3 2 
0 . 7 9 2 
0 . 9 8 9 

0 . 6 8 3 
0 , 7 4 1 

0 , 8 5 6 

1 ,629 
1 ,625 
1 ,540 

1 ,625 
1 ,617 
1 ,496 

1 ,544 

1 ,506 
1,194 

1 , 122 
1 ,115 
0 . 9 8 8 

1 ,085 

1 ,076 
0 , 8 9 3 

0 , 9 9 5 
0 , 9 3 0 
0 , 3 4 0 

1,830 
1,857 
2 , 0 0 7 

1,831 

1,859 
2 , 0 1 3 

1 ,846 
1,867 
2, 151 

0 , 7 4 5 
0 , 8 1 4 
1 .008 

0 . 7 4 9 
0 , 8 2 1 
1,014 

0 , 7 9 8 
0 , 8 7 1 
1 ,265 

1,637 
1,640 
1 ,646 

1.640 
1 ,648 
1,711 

1 .646 
1 .690 

2 , 7 6 9 

1 ,135 
1 ,138 
1 ,155 

1 ,087 

0 , 9 9 9 
1 ,238 

1,139 
1,217 
1 ,815 

\ r Z f ' l / J 

^ Mognified 
by 7 

0 1 2 

M=l-0 

^ = ( 5 5 

^=002543 

3 4 

Fig, 2 

Normalized Reflection Function 
as a Function of Exit Energy. 
ANL Neg. No. 103-A9048. 
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TABLE VI. i|t('''. S' H) and tp(T, e, p) a s F u n c t i o n s of p; 
Ti:̂  = 1/3 and p = 0.0 

H 

1 n 
0,9 
0.8 
0 7 

0.6 
0.5 
0.4 
0.3 
0.2 
0.1 

e 

• (T, e, H) 

0.0034262 

0.0034092 

0.0033898 

0,0033651 

0,0033337 

0.0032923 

0.0032358 

0,0031540 

0,0030267 

0,0028115 

= 1 

cp(T, e, p) 

0.0025543 

0.0024609 

0.0023494 

0.0022142 

0.0020472 

0.0018368 

0.0015656 

0.0012100 

0,0007498 

0.0002526 

e 

• (T, e, p) 

0.0029232 

0.0029110 

0.0028961 

0.0028775 

0.0028536 

0.0028220 

0.0027782 

0.0027137 

0.0026100 

0,0024234 

= 2 

9(T, e, p) 

0.0022789 

0,0022076 

0.0021220 

0.0020173 

0.0018864 

0.0017189 

0.0014982 

0.0011984 

0.0007859 

0.0002819 

In Tables III-V, values of ?(- and e^ for H = 0.02546 o c c a s i o n a l l y 
exceed those for a Maxwell ian d i s t r i bu t i on . This is e s p e c i a l l y the c a s e for 
A = 1 and Po = 0.02546 in Table V. B e c a u s e the e n e r g y of the i nc iden t 
neut rons is Cj = 1 in every c a s e , it is phys i ca l l y e x p e c t e d tha t the v a l u e s 
of e(, and ej" should never exceed 2 and 1, r e s p e c t i v e l y . Thus it m u s t be 
admitted that ce r t a in n u m e r i c a l i n a c c u r a c i e s do ex i s t in the p r o c e d u r e 
used, and these n u m e r i c a l diff icul t ies a r e magni f ied for v e r y low v a l u e s 
of p, Po, A, and T. N u m e r i c a l dif f icul t ies for s m a l l v a l u e s of p w e r e 
a lso encountered by M a y e r s ^ ' m o n e - s p e e d t h e o r y , b e c a u s e e r r o r s in 
c reased sharply when the nonhomogeneous t e r m of Eq. 11 b e c a m e s m a l l . 

Tables m and V a lso show v a r i a n c e c a l c u l a t i o n s for the m e a n n u m b e r 
of sca t t e r ings in ref lect ion and t r a n s m i s s i o n . The v a r i a n c e i n c r e a s e s r a p i d l y 
with the number of co l l i s ions , a r e s u l t a l s o noted by A b u - S h u m a y s " in o n e -
speed calcula t ions . The l a rge v a r i a n c e s a r e a c o n s e q u e n c e of the m e d i u m 
being nonabsorbing; in fact, A b u - S h u m a y s " has shown for o n e - s p e e d t h e o r y 
that, m the l imit of vanishing abso rp t i on , the v a r i a n c e of the m e a n n u m b e r 
of coll is ions for neu t rons re f lec ted f rom a h a l f - s p a c e is unbounded . 

The behavior of the n e u t r o n t r a n s m i s s i o n and r e f l e c t i o n w a s a l s o 
invest igated when the p a r a m e t e r s a and p w e r e v a r i e d in the a b s o r p t i o n 
law i.^(e) - pe . I t was found that e and e* for n e u t r o n s r e f l e c t e d and 
t r ansmi t t ed through the s lab with A = 18 r e m a i n e d e s s e n t i a l l y c o n s t a n t 
over a range. 0.022 . p ^ 0.38 for a g iven p and Po and a = l / 2 ; t h i s in 
dica tes the negligible s p e c t r a l effect of th i s type of a b s o r p t i o n in a f ini te 
medium of a heavy s c a t t e r e r . In c o n t r a s t to t h e s e r e s u l t s , u s i n g a c o n s t a n t 
value Oi p = 0.022 and i n c r e a s i n g a f r o m 0 to 2 showed tha t e d i m i n i s h e d 
monotonica l y from 1.996 to 1.992 for eo = 1, Po = 1, P = 1, A = 18, and 

f V ^ . thus indicating sl ight softening of the s p e c t r u m . 



The b e h a v i o r of the a v e r a g e n u m b e r of c o l l i s i o n s when a b s o r p t i o n 
i s p r e s e n t is j u s t oppos i t e to tha t of the a v e r a g e e n e r g i e s ; t he v a l u e s of Hj. 
and n^ a r e qu i t e i n s e n s i t i v e to the type of a b s o r p t i o n u s e d for a r a n g e 
0 s a S 2, but change c o n s i d e r a b l y wi th p. F i g u r e 3 shows the d e p e n d e n c e 
upon p of the a v e r a g e n u m b e r of c o l l i s i o n s suf fe red by a n e u t r o n t r a v e r s i n g 
a s l a b of wid th T S J = 1/3 and A = 18. The a v e r a g e n u m b e r of c o l l i s i o n s 
su f fe red by n e u t r o n s b e f o r e e m e r g i n g d e c r e a s e s wi th i n c r e a s i n g a b s o r p t i o n , 
a s m i g h t be e x p e c t e d f r o m p h y s i c a l r e a s o n i n g . 

Fig. 3 

Average Number of Collisions Suffered 
by Reflected and Transmitted Neutrons 
for Absorption Law 22̂ (e) - &I.Jt, 
ANL Nes, No. 103-A9049. 

IV. SUMMARY 

A m e t h o d for the c a l c u l a t i o n of e n e r g y - and a n g l e - d e p e n d e n t e m e r 
gent d i s t r i b u t i o n s f r o m thin s l a b s h a s b e e n deve loped . The me thod is a p p l i 
cab l e to s l a b s of any t h i c k n e s s , a l though a c o n s i d e r a b l e i n c r e a s e in c o m p u t e r 
t i m e i s r e q u i r e d for s l ab t h i c k n e s s e s of mor«e than a few m e a n f r ee p a t h s . 

An a t t e m p t was m a d e to extend the t h e o r e t i c a l d e v e l o p m e n t to an 
N - t e r m d e g e n e r a t e k e r n e l , s u c h a s tha t c o n s i d e r e d by Shap i ro and C o r n g o l d , " 
but the a n a l y s i s fa i led due to p r o b l e m s a s s o c i a t e d wi th the n o n c o m m u t a b i l i t y 
of the m a t r i c e s invo lved . T h u s , u s e of the a n a l y s i s to t r e a t t r a n s p o r t p r o b 
l e m s involving a r e a l i s t i c , n o n s e p a r a b l e k e r n e l is p r e s e n t l y c o n s t r a i n e d by 
the a s s u m p t i o n s n e c e s s a r y to e x p r e s s the k e r n e l in s e p a r a b l e f o r m . 
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APPENDIX A 

Proof of L e m m a 2 

Define C(-t.) as that c l a s s of funct ions which a r e c o n t i n u o u s on 0 s 
X £ T, 0(ln x" ' ) as X - 0-I-, and 0[ln (T - x ) " ' ] as x ^ T- . Then d i r e c t l y f r o m 
T h e o r e m 32.1 of Ref. 9, we quote the following: 

L e m m a A . l , Fo r cp(x) € C(.t.), and H(t) = / cp(u) du, and 0 S x S T, 
-'o 

/"'' Lt{cp(u)} dt = Lx{H( t )} - Lo{H(t)}-F [ K 2 ( T - X ) - K 2 ( T ) ] H(x), ( A . l ) 
•'0 

where Lj and K2 a r e defined in E q s . 12 and 13, r e s p e c t i v e l y . We sha l l u s e 
L e m m a A.l to help e s t ab l i sh L e m m a 2 (Sec. II). We def ine Gjj(t) a s the 
Neumann solution of 

(I-L)x{Gn(t)} = B'(x)-^ S(0)Ki(x) - S ( T ) K , ( T - X ) , (A.2) 

where we have s u p p r e s s e d explici t r e f e r e n c e to al l e and p d e p e n d e n c e in 
the functions, where 

(I-L)x{S(t)} = B(x), (A.3) 

and where B(x) t C( i ) , If we define 

'(x) = f Gn( t )d t - S(x) + S(0) (A.4) 

and subsequently show that F(x) = 0, we have S'(x) = Gn(x); t hen L e m m a 2 
is a d i rec t consequence of Eq. A.2 if we identify S(x) = j ( x , c , p) and B(x) = 
exp[-i : t (e)x/p] . T h e r e f o r e , we shal l p rove that F(x) = 0. 

To prove that F{x) = 0, we f i r s t note that for the iden t i ty o p e r a t o r 
we have the re la t ion 

/^ lt{tp(u)} dt = 1^ tp(t) dt = ijj^^ cp(u) du j . 

Now we in tegra te Eq, A,2 over x and, with s u b s e q u e n t a p p l i c a t i o n of E q . A 1 
and all poss ib le explicit in tegra t ion c a r r i e d out, we get 

'^ - ^ ^ l Gn(") d u } = B(x) - B(0) + S(0)[K3(0) - K,(x)] - S ( T ) [ K , ( T - x) - K , ( T ) ] 

-^"{l ^ni"^dnj+[KAi-x)-K,{r)]f\„{n)du. (A.5) 



We next note f rom E q . A,3 that 

(I - L)^{S(t)} = B(x) - B(0) + S(0) - L„{S(t)}, (A.6) 

A l s o , f r o m E q . 12, 

Lx{S(0)} = S(0)Lx{l} = S ( 0 ) [ 2 K 2 ( 0 ) - K 2 ( x ) - K 2 ( T - x ) ] , 

wh ich r e d u c e s to the s p e c i a l c a s e 

Lo{S(0)} = S ( 0 ) [ K 2 ( 0 ) - K 2 ( T ) ] . 

The l a s t two r e s u l t s , when combined , give 

( I -L )x{S(0 )} = S(0)[1 -K2(0) -^K2(x) -^K2(T-x) -K2(T)] - Lo{S(0)}, (A.7) 

The a p p l i c a t i o n of the O p e r a t o r (I - L ) ^ to Eq . A.4 and subsequen t u s e of the 
E q s . A . 5 - A . 7 p r o d u c e 

(I - L)^{F( t )} = [ K 2 ( T - x) - K 2 ( T ) ] F ( T ) - Lo{F(t)} = A K Z I T - X) - B , (A.8) 

w h e r e A = F ( T ) and B = K 2 ( T ) F ( T ) - Lo{F(t)}. 

Now, u s i n g the n o m e n c l a t u r e of Ref. 9, we note tha t the me thod of 
s u c c e s s i v e s u b s t i t u t i o n s app l ied to E q . A.3 y i e ld s a N e u m a n n s e r i e s wh ich 
^ve sha l l d e n o t e by 

CO 

S(x) = Y Lx{B(t)}, 
v=o 

which , if it c o n v e r g e s to .a so lu t ion of E q . A . 3 , is ca l l ed the N e u m a n n s o l u 
t ion. N e c e s s a r y and suff ic ient cond i t i ons for the e x i s t e n c e of the N e u m a n n 
so lu t ion of E q . A.3 h a v e not been shown; h o w e v e r , B u s b r i d g e shows tha t if 
K2(0) S 1/2 and B(x) i s con t inuous and of o r d e r 1 a s x -* 0-t- and of o r d e r 1 a s 
X -» T-, then the N e u m a n n so lu t ion of Eq . A.3 e x i s t s . H e n c e , no t ing the l i n 
e a r i t y of the o p e r a t o r Lx, we w r i t e the N e u m a n n so lu t ion of E q . A.8 a s 

OS 0 0 

F ( x ) = A Y L X { K 2 ( T - X ) } - B ^ L^^d) = AFi (x ) - BF2(x). (A.9) 
v=o v=o 

E q u a t i o n A.9 wi l l be u s e d to show tha t A = B = 0; h e n c e , F (x ) = 0. 

F r o m Eq. A .4 , F(0) = 0; and thus 

AFi(O) - BF2(0) = 0. (A.10) 



26 

Evaluat ing Eq, A,9 for x = T and us ing the def in i t ion A = F ( T ) give 

A[l -Fi(T)]- f B F 2 ( T ) = 0, (A,11) 

F r o m Eq, A,9 we note that F2(x) = F 2 ( T - X ) , which i m p l i e s tha t F2(0) = 
F 2 ( T ) . A solution of E q s , A, 1 0 and A. 1 1 is thus given by 

A[l - F I ( T ) - F F , ( 0 ) ] = 0, (A,12) 

It is shown in Ref, 9 that 1 - F , (x ) + F i (0 ) / 0 if KifO) & \/Z. Thus 
Eq, A,12 demands that A = 0; then Eq. A.10 d e m a n d s that B = 0, S ince 
both A = 0 and B = 0, it follows f rom Eq. A.9 that F ( x ) = 0, and the l e m m a 
is proved. 



A P P E N D I X B 

A S y m m e t r y P r o o f 

To d e r i v e E q s . 17 and 18, we define the inner p r o d u c t 

(U ,V) = f U(t)V(t) d t . 

Then , b e c a u s e of the s y m m e t r y of the k e r n e l of Eq. 12, 

{U.-Lj{v}) = (V,L,,{U}), 

Now w r i t e Eq , 1 1 a s 

J i (T) = L^{Jl( t )}-^ Bi(T), 

w h e r e Bi(T) = exp[ -Z t ( s i )T /p i ] and i = 1, 2 d e n o t e s d i f fe ren t v a l u e s of the 
v a r i a b l e s e and p. We can then w r i t e 

( J i , J 2 ) = ( j , , L t { j 2 ( t ' ) } ) + (Ji , B2) 

and 

( J 2 , J l ) = ( j 2 , L t { j , ( t ' ) } ) + ( J2 ,B i ) . 

Now, if the i n t e g r a l e x i s t s , we have (J j , J2) = (J2, J i ) and 

( j i , L t { j 2 ( t ' ) ) ) = ( L t { J i ( t ' ) } , J 2 ) = ( j i , L t { J i ( t ' ) } ) , 

so it fol lows tha t 

( J l ,B2) = ( J 2 , B i ) . ( B . l ) 

E q u a t i o n 1 7 fol lows d i r e c t l y f r o m E q . B . l . If we le t Jj = J ( T - t ) and Bi = 
exp[-E^(e )(T - t ) / p ] in E q . B . l , we ob ta in Eq . 18 a f te r a change of v a r i a b l e s . 

To p r o v e Eq . 19, one f i r s t e v a l u a t e s E q . 1 1 at x = 0 and then u s e s 
E q . 13, i n t e r c h a n g e s the o r d e r of i n t e g r a t i o n , and f inal ly u s e s E q . 1 7 to 
show tha t 

J ( 0 , e , p ) = ' + ^ dco / l t £ M ( e o ) 4 ( e o ) C 
/ Ho 

^ 0 

\(^o) 

Ho 
e , p ( B . 2 ) 
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Evaluat ing Eq, 1 1 at x = T and applying the above p r o c e d u r e whi le u s i n g 
Eq, 18, it may also be shown that 

J ( T , e , p ) = exp[-Zt (e)T/p]^ l -h ^ / dco / ^ M(eo)2|(eo)C 
^ t ( ^ o ) 

Po 
• . e , p 

(B,3) 

Equation 19 follows d i r ec t ly f rom a c o m p a r i s o n of E q s , B ,2 and B , 3 . 
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